LENSES AND IMAGING

Some Prism Devices

[Reading assignment: Jenkins and White, Sections 2.2 (review), 2.3. See also Smith Ch. 4]
Lateral displacement of aray passing obliquely through a plane parallel glass plate:

D= tgnl{l—

.2
1—9n|}

.2
n —snl

for small incidenceangle | - i

n-1
n

D =|ti

This can be used to laterally displace an image. One application of this very ssmple deviceisin a spe-
cialized high speed camera. The film has to move so fast that it is driven continuously (rather than
actually stopping briefly for each frame as in a conventional camera). A rotating plate is used to make
the image track the moving film during exposure of a given frame to prevent blur.

But the plate introduces aberrations.
— Chromatic effect: longitudinal and lateral displacements depend on n whichis A dependent.

— For a plate used in convergant or divergent light, the amount of displacement is greater for larger
angles which gives spherical aberration.

Plane parallel plate placed in between alens and its focus.

A simple calculation based on the paraxial approximation shows that the focus is displaced by amount
n-1

Tt . However, at steeper incidence angles, the focal shift becomes a function of the incidence

angle, which leads to spherical aberration.
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LENSES AND IMAGING

Right Angle Prism

common building block in
753 non-dispersive prism devices
45°
Porro prism
retro reflector (only folds
4>5X back on itself in one
7 meridian)
Corner cube
(beam reflects back on itself
regardless of incident direc-
tion)
Roof Prism

right angle prism with a roof
on hypotenuse

provides an inversion of L-R
which right angle prism does not.

12



LENSES AND IMAGING

Erecting Prisms
Most telescopes produce an inverted image (both U-D, L-R) to the eye. Erecting prisms re-invert the
image to the proper orientation.

i — | 2 porro prisms used

together.
Generally contacted

%

Schmidt Prism Prism Beamsplitter

ghost
|

/\ _coating coating

roof /
Polarizing Prisms

Birefringent crystals: given a propagation direction in the crystal - a set of orthogonal axes can be
determined. For the two polarization directions along these axes, the index is different.

extraordinary

ordinary

The ordinary component hasindex n, and the extraordinary component hasindex n,. As propagation
direction varies the ordinary component always hasindex n, but n, varies between n_ and n,.

Double Refraction
Light incident on a birefringent crystal

13



LENSES AND IMAGING

o-ray pol and e-ray pol
are not necessarily same
assand p pol.

Birefringent plate

o-ray
X

/ " eray

Common birefringent crystals-quartz (SiO2), calcite (CaCo3)
Not birefringent: Si, NaCl, GaAs, diamond

Nicol Prism

canada balsam cement

Cacite n, = 1.658
ne = 1.486

E

ng = 155

O-ray isinternally reflected at the calcite-balsam interface ng > n e-ray istransmitted (angleis cut for
Brewster)
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LENSES AND IMAGING

Optical Imaging Systems

[Reading assignment: Jenkins and White, Sections 3.1-3.7, 3.10, Chapter 4]
Thin lens, focal length f

X N\L
1 1 ; < : optical axis

+ Raysentering the lens parallel to the axis, pass through the back focus, F,

Rays passing through the front focus, F, are“collimated” and emerge parallel to the axis.

Rays passing through the center of the lens C are not bent.
For a“thinlens’, therays are all bent at the lens plane, with no tranglation.

Sign conventions. Heights above the axis are positive, below the axis are negative; left is negative,
right is positive. Focal length for converging lens is positive; diverging lensis negative.

h,,f,z,,d, |arepositive

2, d,, h, are negative

Triangles S'SF, and ACF; aresimilar, so

Mo e
fz
zZ — .
These two equations give us: = = or 2,2,= e “Newtonian” form of lens law
f z

Nowusez, =d;+f , z,=d,-f (watchsigns!)
2
= —d;d,—fd, + df +

cancel f°, divide by d, d,f
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LENSES AND IMAGING

“Gaussian” lens law

Thelateral or transverse image magnification:

f

d1+f

m= h2/h1 = f/zlz

d,f |
d1+f

Usethelenslaw to get d, =

sowealsofind| m = d,/d;

The longitudinal magnification is of interest.
For a given small shift of an object along the optic axis, how much does the image shift?

We define the longitudinal magnification as:

d; d, .
dl d2 \l/
ad, (dy+ff—df | f, 2

=m

m

(d, +1)°

The longitudinal magnification is positive and the square of the transverse magnification

Virtual Image

For an object to the left of thelens, d; isnegative. Since

+1

1.
d, d

Then if ‘dl‘ <f, then d, isalso negative.
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LENSES AND IMAGING

The light emerging from the lens appears to be coming from the object with height h, at distance d,
behind the lens.

For an optical system not immersed in air

A
—
N

The front and back focal lengths are not the same in this case
front focal length: f;

back focal length: f,

L fh
nl n2
n n n n n
lens law becomes: 2 -1, 1_ 1,2
d, d f; d f,
217, = -4,
h, n,d ff n, -
m= %= L2 m= 12 m#m® (show m = —2m’)
hy  npdy 7 n,

index n'

I—R—|

Sign Conventions
1. Radius s positive when center of curvatureisto the right of the surface

2. Distance to the right of surface is positive; left negative.
3. For I, 1", counterclockwise from the surface normal is positive.

4. For U, U’ theangleis positive if theray slopeis positive.
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LENSES AND IMAGING

5. Raystravel left to right

In the diagram above all the quantities are positive except U, U’ .

Consider triangle QCP . By law of sines:

sinl —sinU
- = Eq. 1
__R R (Eq. 1)
Similarly for triangle QCP’ :
sinl’ —sinU’
= Eqg. 2
D _R R (Eq. 2)
Comparing triangles QCP and QCP', we see they share acommon angle. Therefore
[ T-U=T-U | (Eq. 3)
Finally, by Snell’s law
nsinl = n'sinl’ (Eq. 4)
We can arrive at the Gaussian lens law (for the single surface) from these equations.
Manipulate Eq. 1:
snl | R-L _, L
sinU R R
L_,_sinl _snU-snl
R sinU sinU
R__sny _,__ snl
L snU-sinl sinl —sinU
Now multiply by F% to get
n_n sinl
- = = — Eq.5
L R sinl-snU (Fa-9)
Similarly, from Eq.2,
L-L DS (€.
L R Rsinl'=sinU
Subtract Eq.5 from EQ.6
n_’_gzn'—n_[g sinl’ ~n__sinl J
L" L R Rsinl' —sinU’' Rsinl —sinU
Using Eq. 4,
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n
L R R

sinl'—=snU’ sinl —sinU

n —n_nsnl[ 1 1 } Eq.7)

nl
L

This has the form of the lens law, except for the dependence on the sin of all the angles.
We shall see that Gaussian Optics applies to spherical surfaces only in the Paraxial Approximation.

Paraxial Approximation

The paraxial approximation refers to the case when all ray angles remain small. (Close to the optic

axis.) In this case, for al angles, sinxOx tanx Ox. By convention, the lower case letter is substituted
for the capital in this approximation, so

snl = i,sinl’" - i',snU - u, sinU’ = U’

L-I,L =1,
R is unaffected
Egs. 1-4 become
i —u
— = o Eq.8
R R (Eq. 8)
i’ —u'
—_— = — Eqg. 9
"R R (Eq. 9)
i—u=i"-u (Eg. 10)
ni=n'i’' (Eq. 11)
Then Eg. 7 becomes:
nN n_n-n
——=-= Eq. 12
7T R (Eqg. 12)

Thisisthe Gaussian lens law for a single surface.

Consider aray incident from the left, parallel to the axis. Then | - —, and we have

n' n—-n
I

Thus, the back focal length, f,, is n,n' nR. Similarly, for an image distance of «, we must have | - «

and
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LENSES AND IMAGING

This means the front focal length f, is Y

(Watch minus sign!)
Recall the previous discussion for alens not immersed in air:

f f n n, n n, n
_1:2'_1:_1+_1:_1+_2

n n_2’0|2 d f, d f

These relations clearly hold for the single spherical surface.

Thin Lens Model
We now construct our model for thethinlensinair. Lensindex is n,. We will find the imaging proper-

ties of the thin lens by using the previous results for a single spherical surface and applying them twice
- once for each of the two surfaces of the lens.

(Eq. 13)

We get avirtual object of height h'; at d';

Now consider the rays travelling inside the lens from the virtual object. Apply spherical surface law
now to the second surface. Thistimen =1, n=n;, I - d', ,I' - d,

(Eq. 14)

The thin Iens approximation is that the lens thickness is negligible, so that d', Od’; . Using thisin Eq
13, then substituting in Eq. 14,

d2 dl RZ Rl

Thisisthe Gaussian lens law, with the focal length identified as:
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LENSES AND IMAGING

—+ I

(nI -1 (Eq. 15)

gl 10
R, R

Thisis caled the lensmaker’s equation.

We conclude that a lens with 2 spherical surfaces satisfies the Gaussian lens law, but only under 2

important approximations

Paraxial approximation
 Thin-lens approximation

Thick lensor compound lens systems

[Reading assignment: Jenkins and White, Sections 5.1-5.6]
Any symmetric optical system consisting of lenses and spaces can be generalized.
Light rays entering from the left, parallel to the optic axis, come to afocus, at the “ second focal point”

~second principal plane

second principal point

second focal point  optic

axis

! bfl —=!
“back focal length” or back working distance

Now, we take the rays entering the system and those emerging from the system and extend them. They
intersect on a plane called the * Second principal plane”. Similarly, the first focus and “first principal

plane’ are defined for rays emerging
point.

from the system parallel to the axis, which all emanate from a

first principa plane

“front focal length” or working distance
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LENSES AND IMAGING

We define f,, as the distance from the second principal plane to the second focal point. Similarly we
define f; asthe distance from thefirst principal planeto the first focal point. For asystem immersed in
air (same index on both sides), f;= f,.

With these definitions, the Gaussian lens law applies as follows:

h \ S
\— f—=

| ! | b

| d,

| .

|

d,

With this geometry, al other relations now apply:

ds.
dl

— 2
m=m

—+ I

1
+=:m=
d

1
d2

[E=y

Wave optics of lenses
Set of rays parallel to axis Plane Wave

E= E.cos(kz— wt)
: (= 2T

~ ~ A
w = 21f

Rays converging to afocus converging spherical wave

4 Vil
N AT
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LENSES AND IMAGING

At agiven z-plane, the spherical wave has constant phase around circles. The form of the spherical
k(<" +y°)

o

waveis cos{— } for a spherical wave converting to the point z. on the axis. A lens modifies

the wave front, for example from planar to spherical.
Optical path length:

Optical waves travel more slowly in the classsince n> 1. In glass, the wave is delayed by an amount

asif it travelled adistance nl infreespace. If | = I(x,y) [or n = n(x,y) ] then the delay varies with
(x,y) so the wavefront gets distorted.

How does this happen?

We can analyze the lens in terms of its phase-delay. The light propagates in the glass as
cos(knz) = cosg , where @ = knz isthe phase delay.

In propagating from plane P, to P,, thelight travelsadistance A= A; + A, inthe glass and adistance
A.—A inair, where A, isthe thickness at the thickest part of the lens. The phase delay depends on
(X, y):

O(X,y) = knA(x,y) +K[A. —A(X, Y)]

= kA, + k(n—=1)A(X,y)
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We can calculate A, assuming spherical surfaces. Recall the sign convention for the surface radii:

(

positiveradius negative radius
| |

xy). ||

/] 1
|

From this diagram, we can readily obtain

[L2 2 2 [L2 2 2

A(X,y) = Ao—[Rl— Ri-X" -y }+[R2— R5—X —y}
2 20 2 20
=A0—Rl{l— 1—%‘—*}5}4&2{1— 1—@5}

0RO DR§D

In the paraxial approximation (x2 + y2) « Ri 5, S0

2 ZD 2 ZD
1_§<_ng1_ Y A | thus
O

This gives a phase delay:

2. 2
o(x,y)= kAdk(n—l){Ao_Di}’_EDl _RLD}

Apart from the constant delay knA., the phase delay is:

2 2
= k(n—pnXtyml 10
P(x,y) = ~k(n-1)F5— TR, "R,C

A plane wave incident on the lens has a constant phase. After passing through the lens, the phase is
given above. This has the form of a spherical wave, converging to a point at a distance f, where
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1 _ 0l 10
2 =(n=-1 ,
- (" UR RO

f isthefocal length of the lens. This expression isidentical to what we found from the ray optics anal-
ysSis.

Stop and Apertures
[Reading assignment: Jenkins and White, Chapter 7]
Aperture Stop

Every optical system has same component that limits the light cone that is accepted from an axial
object.

Simple case - single lens

could be the diameter “clear
aperture’ of the lens.

could be a physical aperture placed
somewhere in the optical path.

entrance pupil

 Entrance pupil:
Image of the aperture stop as seen from the object side. Defines the cone of light accepted by the optic.

The importance of the entrance pupil is that the brightness of the image depends on this cone angle.
The larger the acceptance angle, the more light that is collected from each object point, and hence the
brighter the image.

 Exit pupil:

25



LENSES AND IMAGING

Image of the aperture stop, as seen from the image side of the optic.

\J_
—~
-

~
-

—

— “AS
T

exit pupil

The exit pupil defines the cone angle of light converging to the image point. Later, we will seethat this
isimportant in determining the image resolution that is set by diffraction.

Entrance and Exit Pupils are | mages of each other
The entrance pupil isthe image of the stop. The exit pupil is aso an image of the stop. So the entrance
and exit pupils must also be images of each other. The pupils define the amount of light accepted by
and emitted from the optical system.

chief ray
e N AN

entrance .

Chief Ray or Principle Ray
From a given object point isthe ray that passess through the center of the pupils.

Field Stop

Another stop in the system limits the extent of the object/image sizes. The chief ray from an object
point is blocked by the field stop.

26



LENSES AND IMAGING

Simple case: amask at the object or image plane.

1

g mask

film plane

:

AS

The field stop might also be set by a digphragm somewhere in the optical path.

« Entrance window: Image of the field stop at the object plane.
+ Exit window: Image of the field stop at the image plane.

Aberrations

[Reading assignment: Jenkins and White, Sections 9.1-9.11]
As we have seen, spherical lenses only obey Gaussian lens law in the paraxia approximation. Devia-
tions from thisideal are called aberrations.

Rays toward the edge of the pupil (even parallél to the axis) violate the paraxial condition on the inci-
dence angle at the first surface. They focus closer (for biconvex lens) than F; . No truly sharp focus

occurs. The least blurred spot (smallest disc) is called circle of least confusion, or best focus. This
form of symmetric aberration is spherical aberration.

There are many forms of aberration.
Coma: Variation of magnification with aperture.

27
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Rays passing through edge portions of the pupil are imaged at a different height than those passing
through the center.

e

Map of Raysin Pupil Image Plane




LENSES AND IMAGING

tangential rays

Astigmatism -
Asigmaism tangential image

sagital image

sagital rays

In astigmatism the tangential and sagittal images do not coincide. There are 2 lineimages with acircle
of least confusion in the middle.

Field Curvature

s )
T N

|
Object plane Lens

Image points lie on a curved
surface, not a plane

Positive lenses give inward curvature
negative lenses give backward curvature.
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LENSES AND IMAGING
Distortion: Field dependent magnification

A A
RSB

Barrel distortion Pincushion distortion

Five Primary Aberrations
Spherical, coma, astigmatism, field curvature, distortion

Wave Front Aberration
In awave-optics picture, the thin lensis represented by phase delay.

2 2
a(x,y) =|Hk*—2¥- = —ka(x,y)

Which gives Gaussian imaging. Aberrations modify ¢. A spherical lensonly givesthis ¢ in the parax-
ial approximation.

« For acomplex optical system, we can collect the effects of all the lenses and represent them as a phase
delay in the exit pupil. Usually, we subtract the quadratic phase to find the aberration. The residual is
called the wave front error; or wfe

2 2
A(X,y) = —X—;fy—+W(x,y)
Aberration wfe

A(x,y) usually depends on the field coordinate. In other words, the aberrations can vary depending on
where you arein the field of view.

ideal wave front

\

\,

N

Expressed in this way, the primary aberrations are written as.

Spherical aberration: W(x,y)=ASp4
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LENSES AND IMAGING

Coma: Acp3h' coso

Astigmatism|  A_p?h'?cos?e p:isnormalized radial coordinate in the pupil
’ a

Field Curvature: Adpzh'2 h : image height

Distortion:Ath'?’pcose

Monochromatic Aberrations. All of the preceding discussion refers to aberrations that do not depend on
wavelength.

Chromatic Aberrations. Dependance of wavefront on wavelength.

Consider the simple thin lens equation:

=(n=-1)

-k =

gl 10
Ry RH

Theindex n isgenerally A dependent, n(\), so f isA dependent.

Violet red
image Image

Change in image distance: longitudinal chromatic aberration
Change in magnification: lateral color. Lateral color is usualy more noticeable

Achromat: lens designed to cancel chromatic aberration.

Lens Design:

« Thegenera problem of lens design involves cancelling aberrations

« Aberration depends on the lensindex, as well as the surface radii.

« Complex lens systems can minimize aberrations

Simple singlet case: For agiven desired focal length, there is freedom to choose one of the radii for asin-
glet The spherical aberration and coma depend on the particular choice, so these aberrations can be mini-
mized by the design form. Thisisillustrated in the following diagram:
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design: 100mm focal length ¢17o field.

) DO@(

1= -25R =50 R, 135 R =25 Ry =167

Optimum form (nearly plano-convex)

Achromatic doublet. Two elements made from different glass materias

positive element: | undercorrected spherical
undercorrected chromatic
negative element: | both overcorrected

achromatic doubl et

We generally choose design an achromat to minimize chromatic aberration across the visible part of the
spectrum.

Sensitivity of eye Different glasses for use in
157 lenses.
156 " _ Fraunhofer designations.
155 _|
> LBC1 AN CH  656.3mm
o8 PC DNa 589.2
153 _| 2 N a '
152 | . BsC N FH 486.1
151 _| Vil Green Yellow Red -« G H 4340
— A(nm)
G F D C
400 500 600 700
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Design of Cemented Doublet Achromat

crown glass
flint glass

The ‘D’ wavelength, near the center of visual brightness curve is chosen as the nominal wavelength
for specifying focal length. We then choose 2 indices on either side, for achromatization, for example,
‘C,and‘F.

For 2 thin lenses in contact

1
f

1 1 prime: crown glass
—_

va fDH

@)

double prime:flint glass

definelenspower| P with f in meters,

—+ I

P unitsare diopters

PD = PDv + PDH

= (nD,_l)Di_iD+ (nD" _1)Di _LD

i ID n I'D
E+1 ) E+1 )

1 [ A— 1D [ — D 1D
Definek' = 8+ 10 g =01 1
E+1 r2D E+1 rs .

Py = (N’ —1)K' +(np'" —1)K"
Pe = (N’ — 1)K’ + (ng” —1)K"

Pe = (ng' =LK' + (ng"" = 1)K”

Achromatic design meanswe make| P, = P

(nFI_l)KI+(nFII_1) II: (nCI_l)KI+(nCII_1)KII

. . ’ n "_n n
Simplifiesto:| XK. = _F "¢
K” nFI_nC'

For normal dispersion K’ has the opposite sign from K'' . One lens must be positive one lens must be
negative.

For the center of the spectrum (D-line)
Py’ = (ny' - 1K’

PDII(nDII _1)KII , $
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ﬁ _ _(nD” _ 1) PDI
K” (nDI_l)PD”

Combining results, we find:

PDH (nDII _1) (nFII_nCH) B V”
T , , e (Eq. 1)
nD_:L H H 1P H - 1]
a— isaproperty of agiven glass called the “dispersion constant
F~llc

V = 1/v iscalled the “dispersive power” or V-number. Glass manufacturers spec these numbers for
use by designers. Now, from Eq. 1,

P n P i
L+_D = (Eq. 2)
VII VI
and
VI V”
P, = Ph—— P.'"" = -P (Eq. 3)
D DVI_VII D DVI_VII

Egs. 2 and 3 are the design equations.
— Design starts with desired fj,, P

— Next choose your glass materias, i.e. v, v"”
— Find Pp', Py from Eq. 3, then get K', K"

— Choose radii (still some freedom left in choice of radii for minimization of monochromatic aberra-
tions). A common, simple choice is to make the crown lens biconvex, and to cement the two lenses
together, with no gap. This means:

ro' = —rq biconvex

ry =1, = cemented

Then r," isset by the constraint of Eq 3.

For crown glass facing parallel light, this gives a good design to minimize spherical and coma. It can
be fine tuned by careful choice of v', v"

Example: Design 10cm focal length cemented doublet using the crown and flint glasses.P = 10D

Nc np NE N’
crown 1.50868 1.511 1.51673 1.52121
flint 1.61611 1.6210 1.63327 1.64369
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V' = 634783 v'' = 36.1888
Pp' =23.2611D Pp" = -13.2611D

note Pp = Pp'+Pp" = 10D (checks!)

Using biconvex for positive element r," = —r’

r,' = 0.043961m = 4.3961cm
. P n
withr, = -/, k' =-1_L =D - 5351
ry fo Np 1

So, r,’” = —=71.13cm

This completes the design
Resolution limit of an optical system

[Reading assignment: Jenkins and White, Sections 15.8-15.10]

'

Due to diffraction at the aperture stop, the image of a point is slightly blurred. Diffraction theory tells

us that the image depends on the shape of the aperture. For acircular aperture:

2
23,42 siny,
L(W,) =1, B

TSlnlIJZ

J1(x) isaspecial function called the “Bessel Function of the First Kind”.
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li(Wy)
A
= 1.22—
W, D
I
L
Airy
Disk
“Airy Pattern”

Thefirst zero in the pattern occursat| W, = 1.225)‘

If 2 points lie close together in the object plane, the Airy patterns will overlap. The criterion for
whether the 2 points can be resolved depends on the type of imaging application and it is somewhat
arbitrary. A very common criterion is Rayleigh’ s criterion.

According to Rayleigh’s criterion, 2 spots are resolved if the maximum of the pattern from one point
falls on the first minimum of the other.

We say that the angular resolution in the image planeis 1.22A/D

D |’

it pupil

with I’ the distance to the exit pupil (radius of exit sphere), we have
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= =2
Zslne2

for small y,, (small h,), h, 01"y,

_ DY, _ 0611 _ 0.61A
2 2sin@, snB, NA,

where NA, =sing,.

The “Numerical Aperture” or NA isavery important property of an imaging system. It is simply the
sine of the half angle subtended by the pupil. Here, NA, is the numerical aperture of the exit pupil.

Somewhat more generally, consider a complete imaging system. The entrance pupil subtends an angle
8, with an object of height h,,

imaging
o - ><mafg
hy %{ 5> 6, . h,
. I I
index nq index n,
entrance exit
pupil pupil

A general property of imaging systems holds that:
h,n;sin6; = h,n,sind, .

The numerical aperture is generalized if the object and image spaces are immersed in different index
of refraction.

nsine1 =NA, . nzsine2 =NA,

Here NA, isthe“entrance” numerical aperture and NA isthe “exit numerical aperture.

_ 0.61\

Once again we have: h, A
2

For large NAOO0.6 h, = A , sotheresolution ~ wavelength of light.

Also notice that:
o VA

which says that the entrance and exit numerical apertures have aratio equal to the transverse magnifi-
cation.
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